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Abstract: In this paper, we study the existence of minimal elements of lower-C 
semicontinuous vector-valued mappings on compact sets and properly quasi-convex vector-
valued mappings on compact convex sets in the sense of lexicographic order, the first and 
second criteria for the existence of minimal elements are obtained. In addition, this paper 
illustrates the extensive application of the first criterion in the field of discontinuous vector-
valued mapping and the stronger applicability of the second criterion compared with the first 
criterion. 

1. Introduction 

The minimization of vector-valued mappings under partial order has become a research hotspot in 
the field of mathematics. Most of the existing research results are related to the closed convex pointed 
cone. In 1989, F. Ferro[1] proposed that if set 0Y is a compact convex subset of Hausdorff space Y, C is 
a closed convex cone in topological vector space V, ϕ is a lower-C semicontinuous and properly 
quasi-convex mapping of VY →0 , then it exists𝑦𝑦0 ∈ 𝑌𝑌0such that )|)(()( 00 CYMiny ϕϕ = . In addition, 
in 1997, F. Ferro[2] gave relevant conclusions for set-valued mapping: LetΛ be a compact topological 
vector space and C be a closed convex pointed cone in topological vector space Y, T is a set-valued 
mapping of Y→Λ satisfying that T is lower-C semicontinuous and any Λ∈λ , CT +)(λ  is C-
complete, then φ≠Λ )|)(( CTMin . 

Lexicographic order is the complet order induced by lexicographic cone. The lexicographic cone 
is not a closed convex pointed cone, and the closure of the lexicographic cone is no longer a pointed 
cone, so it can’t induce partial order. Therefore, the above conclusion is not applicable to the 
lexicographic cone. There are also relevant conclusions on the minimization of vector-valued 
mapping under lexicographic order. In 2010, X.B. Li[3] and others proposed that if a set is a compact 
set, the image set after continuous vector-valued mapping must have minimal elements under 
lexicographic order. However, there is still no relevant conclusion on the minimization of 
discontinuous vector-valued mapping under lexicographic order.  

In this paper, we first study the minimization of lower-C semicontinuous vector-valued mappings 
acting on compact sets under lexicographic order, and obtain the first criterion for the existence of 
minimal elements. The first criterion fills the gap of judging the existence of minimal elements by 
discontinuous vector valued mapping to a certain extent. In addition, as an improvement of the first 
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criterion, this paper also proposes the second criterion for the existence of minimal elements. The 
second criterion is not only applicable to the existence of minimal elements for discontinuous vector 
valued mappings, but also stronger than the first criterion in the application of the category of 
continuous vector valued mappings. 

2. Preparation knowledge 

Let E be a topological vector space, and we call the nonempty subset C of E a cone if  CC ⊂⋅λ
for every 0≥λ . C is called a convex cone if and only if CCC ⊂+ . In addition, we call C a pointed 
cone if }{)( θ=−CC  where θ represents the zero element in E. Throughout this paper, unless 
specified otherwise, we default that E is the topological vector space and C is a pointed convex cone 
in E. 

Definition 1.1[3]: Let },2,1{ nIn ⋅⋅⋅= , for any 𝑣𝑣 ∈ ℝ𝑛𝑛  and nIi∈ , jv denote the j-th coordinate 
of  𝑣𝑣. The lexicographic cone of ℝ𝑛𝑛 is defined as the set of all vectors whose first nonzero coordinate 
(if any) is positive:  

𝐾𝐾𝑙𝑙𝑙𝑙𝑙𝑙 = {0} ∪ {𝑣𝑣 ∈ ℝ𝑛𝑛: ∃𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛 𝑠𝑠. 𝑡𝑡. 𝑣𝑣𝑖𝑖 > 0;𝑁𝑁𝑁𝑁𝑡𝑡 𝑒𝑒𝑒𝑒𝑖𝑖𝑠𝑠𝑡𝑡 𝑗𝑗 ∈ 𝐼𝐼𝑛𝑛, 𝑗𝑗 < 𝑖𝑖 𝑠𝑠. 𝑡𝑡. 𝑣𝑣𝑗𝑗 ≠ 0} 

Definition 1.2[4]: The partial order relationship between elements in E is defined as: 21 yy ≤ , if 
Cyy ∈− 12 . In particular, if C is a lexicographic cone, this partial order relationship is called 

lexicographic order. 
Definition 1.3[5]: Let B be a nonempty subset of E. Say 0y is the minimal element of B if 

}{)( 00 yCyB =− . Record the set composed of all minimal elements in B as )|( CBMin .  
In particular, when C is a lexicographic cone, )|( CBMin  is a singleton. 
Definition 1.4[1]: Let X be a nonempty subset of E, vector-valued mapping ZXf →:  is called 

lower-C semicontinuous if set })(:{)(1 CzxfXxCzf −∈∈=−−  is closed in X for any Zz∈ . 
Definition 1.5[6]: Let X and Y be topological spaces, the mapping YXf →: is said to be 

continuous at point Xx∈ , if for any open set U containing point f(x) in Y, it exists open set V in X 
s.t. Vx∈  and UVf ⊂)( . If f is continuous at every point of topological space X, then f is called a 
continuous mapping. 

Definition 1.6[7]: A set EA⊆ is said to be strongly C-complete, if it has no covers of the form 
}:){( ICx c ∈− αα , with }{ αx  being a decreasing net in A. 

Definition 1.7[8]: Let EA⊆ and Ex∈ .The set )( CxA − is called a section of A at x. 
Definition 1.8[9]: Let Y be a convex set in E, We say that nRY →:ϕ is properly quasi-convex, if 

for every Yyy ∈21, , and ]1,0[∈t ,we have 

)())1(( 121 yytty ϕϕ ≤−+ , or )())1(( 221 yytty ϕϕ ≤−+ . 

For the convenience of narration, this paper records the lexicographic cone as lexK , the cone hull 
of X is recorded as )(Xcone , the convex hull of X is recorded as }{Xconv , the boundary of X is 
recorded as )(X∂ . 

3. The first criterion for the existence of minimal elements 

Lemma 2.1[10]: Let E be Hausdorff topological vector space, A is a nonempty subset in E, C is a 
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pointed convex cone in E. )|( CAMin is nonempty if and only if A has a nonempty strongly C-
complete section. 

Obviously, if A is strongly C-complete, then φ≠)|( CAMin . This is because if we take any 
Em∈ , it is easy to know that )( CmA −  is strongly C-complete. 

Theorem 2.1: Let X be Hausdorff topological vector space, XX ⊆0 and 0X is a compact set. If 
nRXf →: is lower- lexK semicontinuous, then φ≠)|)(( 0 lexKXfMin . 

Proof: By Lemma 2.1, it only prove that )( 0Xf  is strongly −lexK complete. By the contrary, 
assume that )( 0Xf is not strongly −lexK complete, then )( 0Xf  has a coverage of the form 

}:)({( IKxf c
lex ∈− αα , where })({ αxf  is a decreasing net in )( 0Xf . Then  
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This is impossible by the contradiction assumption which implied })({( c
lexKxf −α is a coverage 

of )( 0Xf .Therefore )( 0Xf  is strongly −lexK complete, and φ≠)|)(( 0 lexKXfMin . 
In reference [3], X.B. Li[3] and others put forward relevant conclusions on the existence of minimal 

elements under lexicographic order for continuous vector-valued mappings acting on compact sets. 
However, when vector-valued mappings are discontinuous mappings, this conclusion cannot be used 
to judge the existence of minimal elements. As illustrated in example 2.2 below, the first criterion for 
the existence of minimal elements fills the gap in judging the existence of minimal elements when 
the mapping is discontinuous to a certain degree. 

Example 2.2: let 0X = }11,11|),{( ≤≤−≤≤− yxyx , 22: RRf →  satisfies 
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Obviously, 0X  is a compact set in 2R and f is not continuous. Since any )(),( 021 Xfzzz ∈= ,  

}11,1|),{()( 1
1 ≤≤−≤≤−=−− yzxyxKzf lex  

is closed in 0X , so f is −lexK complete. In fact, it is not difficult to find that (-1,1) is the minimal 
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element in )( 0Xf . 
However, the first criterion also has its limitations. The following example illustrate that 

continuous mapping is not necessarily −lexK lower semicontinuous mapping. 
Example 2.3: Change the mapping f in example 2.2 to ),(),( yxyxf = , other conditions remain 

unchanged.  
Obviously, f  is a continuous mapping. Consider )1,1(0 −=z , since 

}{}11,11|),{()( 00
1 zyxyxKzf lex ≤≤−<≤−=−−  

is not closed in 0X , therefore f  is not lower- lexK  semicontinuous. 

4. The second criterion for the existence of minimal elements 

Lemma 3.1[1]: If set 0X is a compact convex subset of Hausdorff topological vector space X, C is 
a closed convex cone in topological vector space Z. If ZXf →0: is properly quasi-convex and  
lower-C semicontinuous, then it exists 00 Xx ∈ s.t. =)}({ 0xf )|)(( 0 CXfMin . 

Theorem 3.1: LetY is a Hausdorff topological vector space, and 0Y is a compact convex subset of 
Y . 2: RYf → is a vector valued mapping, if f satisfies: 

(1) It exists 00 <x , corresponding a closed convex pointed cone )}},1(),1,0{({ 00 xconvconeC =  
s.t. f  is properly quasi-convex for 0C . 

(2) For any +∈Nn , )}},1(),1,0{({ 0 nxconvconeCn −= , f  is lower- nC  semicontinuous.  
Then φ≠)|)(( 0 lexKYfMin . 
Proof: According to the definition of nC ,it is easy to know that 1+⊆ nn CC .Since f is properly 

quasi -convex for 0C , f is properly quasi-convex for NnCn ∈∀, . According to Lemma 3.1, for any 
Nn∈ , There exist )( 0Yfyn ∈  s.t. =}{ ny )|)(( 0 nCYfMin . 

Now we prove that for any Nn∈ , }{)|)(( 00 yCYfMin n = .  
Since }{)|)(( 110 ++ = nn yCYfMin ,we have }{)()( 1110 +++ =− nnn yCyYf  . Since nn CC ⊇+1 ,we have  

)()()()( 10110 nnnn CyYfCyYf −⊇− +++  and }{)()( 110 ++ ⊆− nnn yCyYf  . It is obvious that 
)()(}{ 101 nnn CyYfy −⊆ ++  , so }{)()( 110 ++ =− nnn yCyYf  , i.e. }{)|)(( 01 nnn yCYfMiny =∈+ .  

Thus, for any Nn∈ , 

}{)|)(( 00 yCYfMin n =                             (1) 

Next we prove that )|)(( 00 lexKYfMiny ∈ . Since )()( 000 lexKyYfy −∈  ,it only need to prove 
that for any 𝑦𝑦 ∈ 𝑓𝑓(𝑌𝑌0),𝑦𝑦 ≠ 𝑦𝑦0 ,we have 𝑦𝑦 ∉ (𝑦𝑦0 − 𝐾𝐾𝑙𝑙𝑙𝑙𝑙𝑙) . By the contrary, assume exist 𝑚𝑚 ∈
𝑓𝑓(𝑌𝑌0) 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚 ≠ 𝑦𝑦0 has 𝑦𝑦 ∈ (𝑦𝑦0 − 𝐾𝐾𝑙𝑙𝑙𝑙𝑙𝑙). Record the coordinate of 0y as ),( 11 qp ,the coordinate of m 
as ),( 22 qp . 

① If )()( 00 lexlex KyKym −∂−∈  , for any +∈Nn1 , we have )()(
100 nCyYfm −∈  . Thus 

}{)()( 000 1
yCyYf n ≠− . This is contradictory to (1).  
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② If )(\)( 00 lexlex KyKym −∂−∈ , it exists 1]|[| 0
12

12
2 +−

−
−

= x
pp
qqn  s.t. )()(

200 nCyYfm −∈  . 

This is contradictory to (1). 
According to the combination of ①  and ② , the hypothesis is not tenable. Thus 

)|)(( 00 lexKYfMiny ∈  i.e. φ≠)|)(( 0 lexKXfMin . 
Example 3.2: Let 0X = }21,21|),{( ≤≤≤≤ yxyx , 22: RRf →  satisfies  

),(),( yxyxyxf −−+= , 

Then 0X  is a compact convex set in 2R  and f  satisfies: 
(1) Exist )}}1,1(),1,0{({1 −= convconeC  s.t. f is properly quasi-convex for 1C . 
(2) For any 2≥n , )}},1,1(),1,0{({ −−= nconvconeCn  since f is continuous mapping, f is 

lower- nC  semicontinuous.  
It is not difficult to find that (2,-2) is the minimal element of )( 0Xf . 

5. Summary 

As can be seen from example 2.2, the first criterion for the existence of minimal elements fills the 
gap in judging the existence of minimal elements when the mapping is discontinuous to a certain 
extent. However, the first criterion also has its limitations. It is not difficult to find from example 2.3 
that some well-known continuous mappings (such as identity mappings) are not lower- lexK  
semicontinuous. In view of this, the second criterion for the existence of minimal elements is 
proposed in this paper. The second criterion is also applicable to some problems of judging the 
existence of minimal elements for discontinuous mappings. For example, example 2.2 also meets the 
conditions of the second criterion. In addition, since continuous and properly quasi-convex for lexK  
mappings must meet the conditions of the second criterion, the second criterion is stronger than the 
first criterion in application. 
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