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Abstract: Mobius inversion plays an very important part in number theory mathematics
and can be used to solve many combinatorial problems.For some functions f(n), if it is
difficult to find its value directly, but it is easy to find the sum of its multiples or divisors as
g(n), then the calculation can be simplified through Mobius inversion to obtain the value
of 𝑓𝑓(𝑛𝑛).In this article, we provide a method to use Mobius inversion to solve some
combinatorial problems efficiently with computer calculation.

1. Introduction
1.1 Mobius Inversion
Theorem 1. For every natural number n > 1, if n isn’t prime number, then n can be uniquely
decomposed into a product of finite prime numbers
𝑎𝑎

𝑎𝑎

𝑎𝑎

𝑛𝑛 = 𝑝𝑝1 1 𝑝𝑝2 2 . . . . . 𝑝𝑝𝑘𝑘 𝑘𝑘 , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝1 < 𝑝𝑝2 <. . . < 𝑝𝑝𝑘𝑘 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛.

Let the greatest common divisor be abbreviated by gcd, for Arithmetic function, it satisfies
𝑓𝑓(𝑚𝑚𝑚𝑚) = 𝑓𝑓(𝑚𝑚)𝑓𝑓(𝑛𝑛).We can use Theorem 1 to express the equation as
𝛼𝛼

𝛼𝛼

𝜃𝜃(𝑛𝑛) = 𝜃𝜃(𝑝𝑝1 1 )𝜃𝜃(𝑝𝑝2 2 ). . . 𝜃𝜃(𝑝𝑝𝑘𝑘 )𝛼𝛼𝑘𝑘

There is a traditional expression of Mobius inversion.

1.2 Mobius function
If 𝜇𝜇(𝑛𝑛) is the Mobius function of n, then

1, 𝑛𝑛 = 1
𝜇𝜇(𝑛𝑛) = �(−1)𝑘𝑘 , 𝑛𝑛 = 𝑝𝑝1 𝑝𝑝2 . . . . 𝑝𝑝𝑘𝑘
0, 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
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Theorem 2. Mobius function is productivity function, which means that 𝜇𝜇(𝑎𝑎𝑎𝑎) = 𝜇𝜇(𝑎𝑎)𝜇𝜇(𝑏𝑏) if
it satisfies 𝑔𝑔𝑔𝑔𝑔𝑔(𝑎𝑎, 𝑏𝑏) = 1.
Theorem 3. For arbitrary positive integer n, it satisfies that
� 𝜇𝜇 (𝑑𝑑) = �
𝑑𝑑|𝑛𝑛

1.3 Number theory block
𝑛𝑛

1,
0,

𝑛𝑛 = 1
𝑛𝑛 > 1

Theorem 4. ∀𝑛𝑛 ∈ 𝑁𝑁+ , |{⌊ ⌋|𝑑𝑑 ∈ 𝑁𝑁+ , 𝑑𝑑 <= 𝑛𝑛}| <= ⌊2√𝑛𝑛⌋
𝑑𝑑

𝑛𝑛

Therefore, we can calculate ∑𝑛𝑛𝑖𝑖=1⌊ ⌋ in 𝑂𝑂(√𝑛𝑛) by the code below.
𝑖𝑖
Code for number theory block
1. set i <- 1;
2. set ans <- 0;
3. while i <= n
4.
set j <- n / (n / i);
5.
set ans <- ans + (j - i + 1) * (n / i);
6.
set i <- j + 1;
7. end while
8. return ans;
1.4 Euler sieve for Mobius function
It’s clear that we can calculate 𝜇𝜇(𝑖𝑖)(1 <= 𝑖𝑖 <= 𝑛𝑛) based on the information mentioned above
in 𝑂𝑂(𝑛𝑛).
Code for Euler sieve
1. set mu[1] <- 1; // mu[i] is the ith Mobius function
2. set i <- 2;
3. set tot <- 1;
4. while i <= n do // n is the upper bound
5.
if flag[i] == 0 // flag[i] show whether it has been searched
6.
set tot <- tot + 1;
7.
set p[tot] <- i; // p[i] is the ith prime number
8.
set mu[i] <- -1;
9.
end if
10.
set j <- 1;
11.
while j <= tot and i * p[j] <= n do
12.
set flag[i * p[j]] <- 1;
13.
if i % p[j] == 0
14.
mu[i * p[j]] <- 0;
15.
break;
16.
end if
17.
end while
18. end while
2. Application of Mobius inversion
In this section, we will try to apply Mobius invers to a kind of combinatorial mathematics. After
24

that, we are able to find why Mobius inversion plays an important role in number theory.
Let us pay attention to the problem described as "Given n and m, define d(x) as the number of
divisors of x, calculate ∑𝑛𝑛𝑖𝑖=1 ∑𝑚𝑚
𝑗𝑗=1 𝑑𝑑 (𝑖𝑖, 𝑗𝑗)."
𝑛𝑛

𝑚𝑚

� � 𝑑𝑑 (𝑖𝑖, 𝑗𝑗) = � �[ 𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥, 𝑦𝑦) = 1]
𝑖𝑖=1 𝑗𝑗=1

𝑥𝑥|𝑖𝑖 𝑦𝑦|𝑗𝑗

𝐹𝐹(𝑛𝑛) = � 𝑓𝑓 (𝑑𝑑)
𝑛𝑛|𝑑𝑑

Here we can make use of Mobius inversion to transfer the equation.
𝑑𝑑
𝑓𝑓(𝑛𝑛) = � 𝜇𝜇 (⌊ ⌋)𝐹𝐹(𝑑𝑑)
𝑛𝑛
𝑛𝑛|𝑑𝑑

Therefore, what we need to calculate is
𝑛𝑛

𝑚𝑚

𝑛𝑛

𝑚𝑚

𝑛𝑛

𝑚𝑚

𝑎𝑎𝑎𝑎𝑎𝑎 = � � 𝑑𝑑 (𝑖𝑖, 𝑗𝑗) = � � � �[ 𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥, 𝑦𝑦) = 1] = � � � �
𝑖𝑖=1 𝑗𝑗=1

𝑖𝑖=1 𝑗𝑗=1 𝑥𝑥|𝑖𝑖 𝑦𝑦|𝑗𝑗

𝑖𝑖=1 𝑗𝑗=1 𝑥𝑥|𝑖𝑖 𝑦𝑦|𝑗𝑗 𝑑𝑑|𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥,𝑦𝑦)

Then, we can enumerate d and transfer the equation
𝑎𝑎𝑎𝑎𝑎𝑎 =

𝑚𝑚𝑚𝑚𝑚𝑚(𝑚𝑚,𝑛𝑛)

�

𝑛𝑛

�

𝜇𝜇 (𝑑𝑑)

𝑚𝑚

𝜇𝜇 (𝑑𝑑) � � � �[ 𝑑𝑑|𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥, 𝑦𝑦)]
𝑥𝑥=1 𝑗𝑗=1 𝑥𝑥|𝑖𝑖 𝑦𝑦|𝑗𝑗

𝑑𝑑=1

After that, we can enumerate the divisors of i,j and transfer the equation
𝑎𝑎𝑎𝑎𝑎𝑎 =

𝑚𝑚𝑚𝑚𝑚𝑚(𝑛𝑛,𝑚𝑚)

�

𝑑𝑑=1

𝑛𝑛

𝑚𝑚

𝑛𝑛
𝜇𝜇 (𝑑𝑑) � �[ 𝑑𝑑|𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥, 𝑦𝑦)]⌊ ⌋
𝑥𝑥
𝑥𝑥=1 𝑦𝑦=1

Finally, we change the enumeration from x, y to dx, dy, which helps us to ignore [𝑑𝑑|𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥, 𝑦𝑦)],
and get the equation
𝑎𝑎𝑎𝑎𝑎𝑎 =

𝑚𝑚𝑚𝑚𝑚𝑚(𝑛𝑛,𝑚𝑚)

�

𝑑𝑑=1

𝑛𝑛
⌊𝑑𝑑 ⌋

𝜇𝜇 (𝑑𝑑) �⌊
𝑥𝑥=1

𝑚𝑚
⌊ 𝑑𝑑 ⌋

𝑛𝑛
𝑚𝑚
⌋ �⌊ ⌋
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑦𝑦=1

It’s clear that we can calculate the equation in 𝑂𝑂(√𝑛𝑛) with the help of number theory block.

3. Conclusion

In sum, it’s convenient and efficient for us to solve some combinatorics problems with the use of
Mobius inversion. As a matter of fact,Mobius inversion can not only be used in combinatorics
problems, but also be used in others fields such as decision theory and physical problems .There is
no doubt that we should keep making research on it.
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